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Wediscusstherelationbetweenthetwo mathematicalinterpretationsof thegeometric(Berry)
phase,usingeither thefibre bundleover parameterspaceor over projectiveHilbert space.It
turns out that thesetwo geometricconstructionsarelinked by theclassificationtheoremfor
vectorbundles.The classificationtheoremprovidesthemeansto classifytheparameterspace
bundlesfor adiabaticevolutionandfor non-adiabaticcyclic evolutionof thestatevectors.
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1. Introduction

In the original geometricinterpretationof the Berry phaseby Simon [11, a
quantumsystemtraverseda closedcycle in someparameterspaceM: t—* x( t),
O~t~T,x(O)=x(T). To each point xeM is associatedan instantaneous
HamiltonianH(x) anda one-dimensionaleigenspaceof H(x). In this way one
getsa line bundleL: [x, Lx], whereL~={cIn,x> I CEC} is theone-dimensional
eigenspaceofa non-degenerateeigenvalueE~(x)ofH(x),H(x) In, x> =E(x) In,
x>. If I w(t)> is the statevectorthat developsaccordingto the time dependent
HamiltonianH(x(t)) adiabatically,i.e.

Iw(t)><w(t)I=In,x(t)><n,x(t)I (1)

for all t from an eigenstateI w(O)> = In, x(O)>, then Iw(T)> picksup, in addi-
tion to the usual“dynamical” phaseangle5= — (1/h) fTE~(t) dt a “geometri-
cal” phaseangley:

Iw(T)>=e~~Iw(O)>
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14 .4. Bohmet. al. / Classificationtheoremfbi princEpalfibre bundles

Sincethe level crossingloci areto beexcluded,M is in generalnon-contractible.
Thisallows forL to bea non-trivial line bundleandconsequentlyanyconnection
onL developsaU (1) holonomy,which Simonnaturallyidentifiedwith the phase
e°’previouslyfoundby Berry [21.

A fewyearslater,AharonovandAnandan(A-A) [3] suggestedto considerthe
loopin thestatespace,namelytheprojectiveHilbert space

P(~)={IW><WI:IW>E~}=CP(~).

Cyclic evolutionsarethengivenby thosesolutionsw of the Schrodingerequation
with time dependentHamiltonianH(t) for which the state I cL(t)> <w(i) I trav-
ersesaclosedloop,

~:1—~Iw(t)><yi(t)I, 0~t~T, Iw(T)><~(T)I=Iw(0)><~1(O)~.(2)

The cyclic adiabaticevolutionis thena limiting caseof an evolutiongiven by a
closed loop in statespace.Now the naturalprincipal bundleof norm-onestate
vectorsis theuniversalclassifyingbundle~:U(l)~S~-÷P(,~), which is non-
trivial andpossessesa naturalconnection-cum-curvature.A-A showedthat the
holonomyof the (metric) connectionidentifieswith Berry’s [2] in the adiabatic
limit. The naturalityandthe uniquenessof this geometricconstructionhasbeen
shownby severalpeople[4,51including someof us [6—9].

This paperis devotedto explainingin detail the relationbetweenthe two ap-
proaches.In sections2 and3, we discusstheconventionalcomplexHilbert space
andthe real Hilbert spacecases,respectively.Herethe eigenvalueE~(x)is as-
sumedto be non-degenerate.The generalizationsto the degeneratecaseandthe
quaternioniccaseof Sp(1) bundlesareconsideredin section4. This sectionalso
summarizesthe geometricaspectsof the problem.Essentially,the pull-backof
theuniversalconnectionon ~to the bundleL gives the Berry phasefor adiabatic
evolutions.In section5, the ideasdevelopedin the previoussectionsareusedto
treat the more realisticcaseof non-adiabaticevolutionof statevectors. For a
particularclassof quantumsystems,our approachleadsto the constructionof
non-adiabatic(Simon’s) bundleover the parameterspace.The connectionon
thisbundleyields thegeometric(non-adiabaticBerry) phase.

Thetopological classificationof the problemof geometricphasewasalso dis-
cussedby Kiritsis [10]. However, we offer an alternativemathematicaltreat-
ment which is more direct in method and suggestedby the physics of the
problem.~.

2. Universal bundles: the complex case,non-degenerativeeigenvalues

Let M be an oriented, smooth, compact manifold, serving as the parameter
spacefor thehermitian operator H(x), i.e.,H(x) dependscontinuously onx~M.

~° Therehavebeenquestionsregardingthevalidity of someoftheresultsindicatedin ref. [10]: these
havebeenpointedout by DouglasandRutherford [11].
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Let E~(x)bean isolatednon-degenerateeigenvalueof H(x). Thenthe associa-
tion x—~In, x> givenby H(x) In, x> =E~(x)In, x> definesaline bundleLover
Mwith fibers

~ (3)

Here In, x> denotesa normalizedeigenvectorofH(x) which is a single valued
function of x. Let C: [0, T]—i.M be a continuous, closed loop, i.e., C(0)=
C(T)=x0, andconsiderthe normalizedsolution Iw[C(t)]> of the Schrodinger
equation,

ih(d/dt)I~[C(t)]>=H(C(t))I~[C(t)]> . (4)

Not all solutionsof (4) arecyclic solutions,i.e. fulfill (2). Those Iw[C(t) 1>
which fulfill (2) arecalleddynamicallift of (2).

In the adiabatic limit, the situationcontemplatedby Berry [2] andSimon
[1,121,wherean initial eigenstateof H(C(0)) remainsalwaysan eigenstateof
H[C(t) }, i.e.,where(1) is fulfilled, the evolutionis alwayscyclic in thesenseof
(2). Thestatevector Iw[C(t)]> doesnot traversea closedloopbut picks up a
phase:

whereö= — (1/h) JE[C(t)] dt is thedynamicalphaseangleandy=y(C)=f~Q
is thegeometric(Berry) phaseangle;here,Q=dA, 3S=CandA=i<n, xjdln, x>
is the Berry connectionone-form.

AharonovandAnandan[3,4] andAnandanandStodolsky [13] realizedthat
insteadof consideringa closedloop in parameterspace,C, one could consider
the closedloop in statespace,cf:t—~~(t)= Iw[C(t) 1> <w[C(t)]I eP(.i~°),and
drop the adiabaticitycondition.They showedthatageometricphaseis alsoas-
sociatedwith acyclic pathin P(.*’).

A relevanttask is then to investigatethe relationbetweenthe Berry—Simon
(B-S) pictureandtheAharonov—Anandanpicture.

Let ~betheU( 1) principal fibre bundle(PFB)of A-A,

~:U(l)—~S
2~--CP(N), N-*c.e

andE its associatedline bundle.Here

llw><wl ={e~I~>IeIÔEU( 1 )}s�iU(1 )
is thefibre over 1w> <y,I eP(~)=CP(oo).Thefibres ofEare:

E
1~><~1={clyi> IcEC}

Alsodefine~. to beassociatedU (1) PFBof the line bundleL of B-S,
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assoc assoc

E = ~j L ~
/ \ /

CP(cc) M

The relationbetweeni~and )L (alternativelyE andL) is the following: ‘i (E) is
theuniversalclassifyingbundlefor U( 1) PFB’s (C-line bundles);see,e.g.,refs.
[14, §5; 15, §19; 161. The classifyingtheoremfor U(1) PFB’s statesthat any
U(1) PBF ~ overM is equivalent(isomorphic) [15] to the pull-backbundle
f*(~j)for somecontinuousfunctionf:M—*CP(oo), i.e., the following diagramis
commutative:

I I ‘

M—~CP(cc)
f

Furthermore,~f*(~j) dependsonly on the homotopyclass [f]e [M, CP(co)]
off i.e., homotopicmapsinduceequivalent(isomorphic)bundles.Now, taking
~ onehasthe desiredrelation.Similarly, for the associatedline bundlesthe
following commutativediagramsummarizesthe classificationtheoremfor line
bundles:

I I
M—~CP(cc)

f

Since the inducedbundlef*(~) (f*(E)) dependson the equivalenceclass
[f] E [M, CP(oo)], it is the topology of M which determinesall possibleU(1)
bundles(C-line bundles)overM. For instance,iff:M—*CP(ce) is homotopicto
aconstantmap,thenone will obtain the trivial bundle,)L~f*(ij) Mx U(1)
(L~f*(E)~MxC)

Thetopologyof ,~(L) thendependson [f] e [M, CP(cc)]. Theexistenceof a
one-to-onecorrespondencebetween[M, CP(oo)] andH2(M, Z) implies a one-
to-onecorrespondencebetweenthesetof (equivalenceclassesof) U(1) PFB’s,
or equivalentlythe setof (isomorphismclassesof) C-line bundles,overM and

~2 Note thatthe triviality of abundledoesnot necessarilyimply that theholonomygroupis trivial.

This is theveryreasonwhytheBerry phaseis called the “geometricphase”,andnot the“topolog-
ical phase”.
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H2(M, 7L). In fact the imageof a bundlein H2(M, 7L) is the first Chernclass
[18] ~. Thefact thatit is the secondcohomologygroupof M whichmatters,is a
direct consequenceof CP(cc) being an Eilenberg—McLanespace, namely
K(7L, 2), i.e., n

2(CP(cc))=landit~(CP(cc))={0}for n~2[19,15]. Thiswas
actuallythestartingpoint of ouroriginal analysis.

A simple physically non-trivial example is the following [2,20]: Let the
Hamiltonianbea2 x 2 hermitianmatrix:

H(x)=(b.~i b_ic)

Theparameterspaceofsimpleeigenvaluesis M= P” —1, where1is theline b=c= 0,
a= d. Theexcludedline “digs out” acylinder in P

4with section52, henceM has
thehomotopytypeof S2.Therefore,onehas

7L~H2(S2,i)~ [S2,CP(oo)]~it
2(CP(cc))~Z,

whichallows for non-trivial bundlesoverM. The“unit” bundlein thisi-family
isthefamousHopf (beta)bundle~.

g:U(l)-)S
3--~CP(l).

In general,the following questionarises:“For agiven HamiltonianH(x), xeM,
what is the mapf:M—~CP(cc)thatdeterminesthe bundleA.saf*(17)?~~The an-
sweris thatfis fixed by H, namely,f(x)=In,x><n,xI=I~~><~~IeCP(cc),
whereIIIw~>II=ianditsatisfiesH(x)IW~>=E(x)I~~>.

The relationamongthebundlesalsocarriesoverto their connections,namely
thereis a“universalconnection”on t~[23], whichpullsbackto )L. The pull-back
is inducedby the mapf:M—i~CP(cc).We will giveamoredetaileddiscussionof
therelationbetweentheconnectionsof thesebundlesin section4. In particular
wewill showthatthe connectionone-formoftheuniversalA-A bundleij “corre-
sponds”to theconnectionone-formof the B-S parameterspacebundle.

3. Therealcase,non-degenerateeigenvalues

If all pertinentoperatorscommutewith thetimereversaloperatorT, andif in
additionT2= + 1, thentheHilbert spacecanbetakenoverthe field of realnum-
bers. The associatedprojectivespaceP(~‘) is PP(cc), andthe corresponding

~ One candirectly relatetheisomorphismclassesof C-line bundlesto j~2(M, /) asdescribedby
Kostant [17], where “ “ means Cech cohomology. However, it is a well-known fact that
fl~(M,z)~HQ(M,z)forallq [18].

~ The Hopf (beta)bundleappearsin manyphysicalproblems,e.g.,in thevortex [21] andthemag-
netic monopole [22]. The latter is speciallynoteworthy,and the continuousappearanceof the
magneticmonopolefield in thecontextof theBerryphaseis preciselyfor thisreason.
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bundleshave0(1) = 7L2 astheir structuregroup.Thusthe geometricphaseangle
is in generala multiple of n~.Actually this was first discoveredby Herzbergand
Longuet-Higgins[24], in their studyof polyatomicmoleculeslongbeforeBerry’s
work ~.

The simplestparameterspaceis obtainedby the simplesymmetricreal 2 x 2

matrices(~~)with a~cor b#0. Here,M=P
3—l’, whereI’ is the line b=0and

a=c in P3 [21]. It hasthe homotopytypeof S’.
Now the correspondingA-A bundle ij is the universalclassifyingbundle for

0(1) PFB’s. The state space PP(cc) is now the Eilenberg—McLane space
K(Z

2, 1) andall real PFB’s (P-linebundles)areclassifiedby the first Stiefel—
Whitneyclassw~cHi (M, 12) [15]. Therefore,we expectnon-trivial 7L2-bundles
overnon-simplyconnectedparametermanifolds.Forexample,for M= 5~intro-
ducedabove,~r1(M)=m~(S’)=7L, so onemayhavenon-trivialbundles.

We would like to remarkthat in this casethe holonomydoesnot comefrom a
connection.Sincetheparalleltranslationis uniqueon bundleswith discretefibres,
theconnectionis flat anda flat connectionproducestrivial restrictedholonomy
[25, ch. II]. Thus onegetsa“phase” only for non-contractibleloops.The situa-
tion is similar to paralleltransportingalongasectionalloop on a cone:although
thesurfaceis developable,theholonomyis non-zero,andgivenby theconeangle.

4. Thedegeneratecase

We shallnowdiscussthecasethattheHamiltonianH(x),whichdependsupon
a finite numberof parametersx= (xi, ..., x“~)eM hasdegenerateeigenvalues.Let
E~(x)denotethe nth eigenvalueof H(x) which is .V-fold degenerateandlet us
assumethat level crossingoccurson asubsetN of theparameterspace~i.The
restrictedparameterspaceMm2\ N hasthen(in general)non-trivialhomotopy
type.The observableslikesH(x) andtheir eigenvalueslike E~(x)mustbe (per
assumption)single valued functionsof the parameterxcM. The n-th energy
eigenstate,which is described by the .1V-dimensional projection operator
A~(x)mA(x),is asingle valuedfunctionof the continuouslyvaryingparameters
xcM. The basissystemof orthonormaleigenvectors{ Ix

1(x)> : i= 1, 2,...,.A/} of
H(x) neednot besinglevaluedto spanthe energyeigenspace~(x) =A~(x).~’,

H(x)Ix1(x)>=E~Ix’(x)>, i=l,...,~Y, (5)

A~(x)= Ix~(x)><x’(x)I. (6)

But we shallonly considerthe singlevalued frames,which (perdefinition) do

~‘ Theresultinge”= ±I signis sometimesreferredto as“Longuet-Higgins”charge.
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not changeon traversalof aclosedpath.Thesesingle-valuedorthonormalbasis
systemswedenoteby

{In,i;x>:i=l,...,.A1} . (7)
They aretransformedinto eachotherby aU(X) [or 0(X)] transformation
U

0(x),whichis a single-valuedfunctionof theparameterXEM,

In,i;x>=~ In,i;x>U11(x). (8)

Thesesingle-valuedU(X) [or 0(X)] transformationsarethe gaugetransfor-
mations [7].

Thesuitablemathematicalframeworkfor thedescriptionofX-fold degenerate
energyeigenstatesis givenby the U(X) [or 0(X)] principal fibre bundleover
M, which in analogyto the B-S picture for the non-degeneratecasewill be de-
noted(collectively) by 2~:

(9)

Theprincipalbundlecorrespondingto theA-A approachis now

$±k(C), (10)

or the correspondingrealcasewith U(X) replacedby 0(X) andCby P,

i~4:0(.K)—V.i4±k(P)—~Gr.4,.4+~(P), (11)

where~ v±k(C)is the Grassmannianmanifoldof K-dimensionalsubspaces
orK-dimensionalprojectionoperatorsin ~°= C~s+k (~2= p~5~±k for the realcase)
andVv..~+k(C)isthemanifoldof K-framesin ~ (Stiefelmanifold) 56~This
is the k-universalbundleandG5. ~+ k is the correspondingclassifyingspacefor
U(K) [0(X)] principalbundles[15]. Foraninfinite-dimensionalHilbert space
~, onehasto takethe (inductive) limit k—*cc,

(12)

We underlinethattherearesubtletiesin consideringgeometricalobjectson the
infinite-dimensionalspacesV4(l() andGr~(l(),l<=P or C. But, essentially,all
thefollowing considerationsgo throughin the infinite-dimensionalcase.

Gr4(C) is the spaceof K-dimensional (orthogonal)projection operators
~ i.e. self-adjointoperatorsA~=A whichfulfillA

2=A, Tr A=K. V~(C)
is the spaceof partial isometries,which are operatorsv with the propertythat

± =A [26—29].PhysicallyA ~ representsquantumstatesthat arenot pure
but mixed states(in which all thepropertiesofAH appearwith the sameweight).
They may,but neednot be, K-fold degenerateenergyeigenstates.

S6 In distinctionto the non-degeneratereal case,the connectionfor the degeneratereal caseis not

flat.
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Thecanonicalprojection~r~:V~ Gr~of thebundle(12) is given by

(13)

In thespecialcaseK= 1 the bundle(10) is

~i=,l:U(l)_+S2CPk=P(~), .s~”=C~’,

whereA=A ~ arethe one-dimensionalprojectionsA= x> <xl andv is the map
v= Ix> <x~°~I,Ix~°~>e~andv~=Ix~°1><xl ~.

The bundleof (l0)—or of (12) for k-+oo-—carriesanatural connection,the

Stiefelconnectiondescribedby the connectionform

x=v~dv. (14)

If we choosea (local) sectionof ?i~:

Gr~)-~ V~, (15)

givenby the frame

S(A)={IØ’(A)>, I02(A)>, ...~ Iø~(A)>}, (16)

where Iø~(A)>c’(=C~~”)areorthonormalbasissectionsof~ overAeGr~
spanning,W~,=A.~°andfulfilling

(17)

thenxis (locally) representedby a u(K)-valuedone-formdon Gr
4:

(18)

Paralleltransportwith respectto x in hasbeendiscussedin severalpapersfor
theabelian [4] andnon-abelian[26—29]case.A closedcurve

~[0,T]3t—~A(t)cOcGr~, A(0)=A(T), (19)

is lifted into acurvefortheinitial frame { I ~~(0) > }={ IØ’(A(O) ) >}:

~:[0,T]3t—~{I~~(t)>:i=l,2,...,X}, I~i’(T)>= ~ I~J(o)>~il (20)

with the non-abelianphasefactorgivenby

~i~’=p exp{_ ~ i~j}. (21)

The curve (20) is called the horizontal lift of the closedcurve (19) and SW” is

~ In thefinite-dimensionalcase(10),whenthe I -framev in C~~”is representedby an. x (. + k)
matrix andv~by an (.I~+k)~ matrix, vv~is representedby an . ~x. I~matrix and v~vby an
(.V+k)x(.Y+k) matrix.
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calledthe holonomyor non-abelianBerry phasefactor.
We comenowto therelationbetweenthebundle(12) in theA-A pictureand

thebundles(9) of the B-S picture.
As ageneralizationof theX= 1 case,(12) is the universalclassifyingbundle

of U(K) bundlesover differentiablemanifoldsM. TheU(K) [or 0(X)] bun-
dlesoverM, eq. (9), areclassifiedby the homotopyset [M, Gr4]. There is a
one-to-onecorrespondencebetweenthe (setof isomorphismclassesof) U(K)
bundlesoverM andthehomotopyclassesof maps

f:M—i~Gr~. (22)

All bundleslike (9) areobtainedas pull-backs

(23)

of i~ underf: If J’denotesthe canonicalU(K) [or 0(K)] bundlemorphism
inducedbyf then

* ff ()~—~ ‘t~

SJIa~ HJ~~ (24)

M —÷Gr~
f

Eachfibre of2~is homeomorphicto the correspondingfibre of ~ andsections
of ~ pull backtoo: For thesectionS of (16) anassociatedsection~:M_*f * ( ~

canbedefinedby thecommutativediagram(24),J’o S=Sof

For the U(K) bundle(9) of theB-S picturethe mapf( x) is determinedby
the Hamiltonian H(x), which associatesto every XEM an eigenprojector
A(x) EGr~,,

f(x) =A(x), xeM; H(x)A(x)=A(x)H(x)=E0(x)A(x). (25)

If

C:[0,T]ut—~x(t)eM, x(T)=x(0), (26)

is aclosedcurvein parameterspaceM with

H(x(T) )=H(x(0)), A(x(T)) =A(x(0)) (27)

(becauseobservablesaresingle valued functionsof theparameters),thenthere
is acorrespondingclosedcurve(19) in the statespaceGr,~-:

~‘:[0,T]ut—*A(t)=A(x(t))=(fox)(t) . (28)

Theprincipal fibre bundle(9)of B-S is nowgivenby

(29)



22 A. Bohmci. al. / Classificationtheoremfor principal fibre bundles

with f* denotingthe pullback. The section5~=f*(Sof) in this fibre bundleis
given by the singlevalued basissystem(8) [which is determinedup to a gauge
transformationU,1(x)]:

~(x)=f*(S(A(x)))={In, i;x> :i=l, 2,...,X}, (30)

which hastheproperty

In,i;x><n,i;xl . (31)

With theassociation

Iø’(A)>~In,i;x>

weobtainfor theconnectionform f=f*r on thebundle)~ f*(~

Au(x)m(~*I),j=<n,i;xId~n,j;x>=f2do. (32)

This relatesthe (non-abelian)A-A connectiond,1 to the (non-abelian)Berry
connectionA1~.

A particularlyinterestingcaseis presentedin ref. [12] for the fermionic time
reversalinvariantsystems.HereT= — 1; andi, T,andiTendowthe Hilbert space
with aquaternionicstructure(seealso Dyson [30] ~ The A-A bundlefor this
case,

Sp(1)—S
4~3-.~HP(k),k—fcc,

hasSp(1) SU (2) asits structuregroup.Sincein general,

ir
1([HlP(cc))~m,_1(SU(2))

thefirst non-trivialhomotopygroupof 0-IP (cc) is

~4(~P(ccfljr3(SU(2flir3(S)l.

However,as S
3 hashigherhomotopygroups0-IP(cc) is not an Eilenberg—McLane

space.Themapsf: m-± H[P (cc) induceSp(1)-bundlesoverM. Thebundleshave
well-definedsecondChernclasses[eH4(m, 7L)], which,however,do not classify
all the Sp(1)-bundles.

5. Thenon-adiabaticcase

In theA-A picturethe projectionoperatorsAeGr~representK-fold degener-

atephysical (not necessarilyenergyeigen-) states(of agivenHamiltonian for a
particularphysicalsystem).

~ Theunavoidabletwo-fold complexdegeneracyis called “Kramer’sdegeneracy”.
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If aHamiltonianH(t) is given thenthe timeevolutionof a stateW(t) is de-
scribedby (a generalizationof the basicpostulatefor timeevolution [31, sect.
XIL1]) thetimedependentSchrödinger(alsocalledvonNeumann)equation

i(d/dt)W(t)= [H(t), W(t)] , (33)

whereW(t) is ingeneralastatisticaloperator.ForK= 1, W(t)= I w(t)> <W(t) I,

where I w(t)> fulfills theordinary,timedependentSchrodingerequation.Wewill
restrictourselvesto W(0)=A(0), whereA~are K-dimensionalorthogonal
projectionoperators.Thenanycurve (19) closed [A(0) =A( T)] or non-closed
[A(0) ~A(T)] canbeacurveof timedevelopmentof aphysicalstate,

t—~W(t), W(0)=A1(0), (34)

i.e., bea solutionof (33).
For a given HamiltonianH(t) not every A~(0)will be the initial state,

W(0) =A-4~(0), ofa solutionof (33) whichisaclosedcurve(19),

A(0)=W(0)=W(T)mA4(T). (35)

But thereare (probablya discretenumberof) initial statesWCYC~~(0)=A (0)
which arecyclic, i.e., thereare W~1w( t) which developaccordingto (33) along
closedcurves(19) [32]. The majority of solutionsof (33), however,arenon-
cyclic.

In the B-S picturetheHamiltonianH(x(t)) dependssmoothlyon the param-
eterxcM andassociatesto everyxcMan eigenstateA~(x)eGr

VXEM H(x)A~(x)=A,,(x)H(x)=E~(x)A,,(x). (36)

To aclosecurvein parameterspace,

C:[0,T]ut—÷x(t)eM, x(T)=x(0), (37)

correspondsaclosedcurve (19) in Gr,
1,

11f: [0, T]ut—~A,,(t)=A,,(x(t)), A~(x(0))=A~(x(T)) (38)

[becauseobservableslikeHandA~aresingle valuedfunctionsof theparameters
H(x(0))=H(x(T))]. The adiabaticevolution ofa state W(0)=A,

1(x(0)) is
definedto besuchthatatall times [dueto thegentlechangeof H(t)]

W(t)=A~(x(t)). (39)

An adiabaticevolution (39) would therefore [becauseof (38)] be a cyclic
evolution.

It is easyto seethatanadiabaticevolutiondoesnot existand (39) canonlybe
an approximation.Because,if (39) would fulfill (33), thenwe wouldobtainas
aconsequenceof (36):

i(d/dt) J4
7(t) = [H(x(t) ), A~(x(t))]=0. (40)
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Thus anyadiabaticevolutionwould bea stationaryevolution W(t) = W(0). In
otherwords,theenergyeigenstateA~(x(0)) cannotbetheinitial stateof acyclic
evolution ~ (0) andfor a W(t) fulfilling (33) onehasonly

W(0)~A~(x(0))=A~(x(T))~W(T). (41)

As the eigenstatesA~(x) of the HamiltonianH(x) do not providecyclic states,
welook for adiffeomorphism

F:M—+M (42)

suchthat

R(x)mH(F(x)) (43)

hasan K-dimensionaleigenprojectorA~,which is a cyclic solutionof (33). We
will restrict ourselveshereto diffeomorphismsF which are homotopicto the
identity. WhethersuchadiffeomorphismFexistsdependsupon thephysicalpa-
rametersof the Hamiltonian (like its angularfrequencyw= 2m/Tandsomein-
ternal frequency):

[0,T]3t—*W(t)=A~(x(t)) , W(0)=A,1(x(0))=A~(x(T))=W(T). (44)

Thenthe map

f:Max—~A~(x)cGr1, (45)

which associatesto everyxeMan eigenstateA0(x)eGr of P(x) andwhich
associatesto a closed curve in M, eq. (37), a closed curve of states
W(t)=A~(x(t))[fulfilling (33)] in Gr~,canbeusedto constructabundleover
theparameterspace.

TheU(K) [0(X)] bundleoverMis nowgivenby
(46)

with7* beingthepull-backwith respectto7

~1Th~JS (47)
M ~—~Gr1

f

The (local) section~=7*(So7) in thisfibre bundlef*(,1 ) is given by the single
valuedbasissystemassociatedto

(48)
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It consistsof eigenvectorsI ~ i; x> of .1?(x). I ~‘, i; x> are determinedup to a
gaugetransformationU0(x) andhavethe followingproperty:

~ Iø,i;x><ø~,i;xI. (49)

The canonicalconnectionone-form~=J*r on the bundleX~=]‘*(17~) is ob-
tainedfromthe canonicalconnectionon the Stiefelbundle(14),which islocally
representedby the one-form(18). It is thereforegiven (locally) by

A,j(x)=(S*x)0=<Ø,i;xI8/ax0IØ~,j;x>dxo=7*d,1. (50)

The non-abeliangeometricphasefactor (21) canthenberewrittenasfollows:

cWzJPexP{_ ~ (51)

whereC is the closecurve (37) in Mand ~ thecorresponding[by (45)] curve
in Gr~.

This meansthat ~Wcanbe interpretedas the (non-abelian)phasefactor ac-
quiredafter paralleltransportwith respectto J*d alongthe closedcurve C in
parameterspaceM. Formula (51) saysthat the geometricphasecanbe either
calculatedusingthe canonicalconnectionx in the universalbundle~. ~ or using
its pull~back]’*ron theinducedbundleI

The (non-abelian)Berry connectionandphaseof Wilczek andZee [33] is
obtainedfrom (50) in the (adiabatic)approximationin which Fof (43) is re-
placedby the identity map.To discussthis in moredetailwe remarkthat (43)
implies

A~(x)=A~(F(x)) and I~,i;x>=In,i;F(x)> , (52)

whereA~(x) arethe eigenprojectors(36) of H(x) correspondingto the eigen-
valuesE~(x)and {In, i; x>} is the single valued basis system (7) spanning
A~(x)~=~(x).Themap

f=JoF’:Max_±A~~(x)cGr~ (53)

inducesthenan isomorphismbetweenthe A-A bundle(10) [or (12)] andthe
B-S bundle(9) as discussedin section4andillustratedin thefollowing diagram:

~ (~ )~.

I I
M—* Gr,~

I
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As F is a diffeomorphism~ (per assumption) the bundle morphism
F * : =F*)~inducedby F is an isomorphism.Thismeansthat)~andlhavethe
sametopologysincefand7 belongto the samehomotopyclassin [M, Gr ],

F*
F*(~)=)~~

I
M~—.M

F

If F fails to beadiffeomorphismfor somevaluesof the physicalparametersof
theHamiltonianH [but still fulfil (43), (53)], thenthetopology of land ,~ can
differ. Thedetailedanalysisfor aparticularexampleof this will be discussedin a
separatepaper[34].

Paralleltransportcanbedefinedin two alternativeways.Thereis first thecon-
nection(50) givenby thecanonicalconnectionon theStiefelbundle(14). Using
(52), the geometricphasefactor (5 1) is givenby

0~0=Pexp{_ ~<n,i;F(x)Ia/ax°In,j;F(x)> ~ (54)

In additionto (50) onecandefinethe (non-abelian)Berry connection(locally)
by

A,1(x)m<n,i;xIa/ax°In,j;x>dx°. (55)

The (non-abelian)Berry phaseacquiredafter paralleltransportwith respectto

the Berryconnection(55) is

er~x~{ ~ <n,i;xla/ax°In,j;x> dxo}. (56)

In (54) and(56), Cisthe closedcurve(37) in M. Only in the casethatthe map
Fbecomestheidentity do theBerry connection(55)andtheAharonov—Anandan
connection(50) agree.

Ourargumentsherearebasedon theexistenceof the mapF for agiven cyclic
HamiltonianH(x(t)). The necessaryandsufficientconditionsfor the existence
ofFfor generalcyclic Hamiltoniansarenot known,but thereareexampleswhere
Fexistsandour analysisapplies[34].

~ F is adiffeomorphismwhich is homotopicto the identitymap.
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6. Conclusion

TheuniversalclassifyingU(X) bundle(12) carriesanaturalconnection,the
Stiefel connection.ForK= 1 this Stiefel connectionof mathematicsis identical
with the Aharonov—Anandanconnectionwhichwasoriginally obtainedby sepa-
rating from the total phasefactor for non-adiabaticcyclic evolutionof astate
vector I w(t)> the“dynamical” part

exp{_ ~J<~(t)JH(t)I~(t)>dt}

andinterpretingthe remainderasthe “geometrical”partexp(i J~A) definedby
theA-A connectionA. This bringsthe physicsof cyclic quantumevolution into
correspondencewith the mathematicsof the classificationtheoremfor vector
bundles.Theseconsiderationsprovideastraightforwardtopologicalclassifica-
tion of thegeometricquantumphase.Furthermore,theysuggestaprocedurefor
constructingaparameterspacebundlefor exactcyclic evolution of aHamilton-
ianwhichis afunctionoverthisparameterspace.

TheStiefel connection(orAharonov—Anandanconnectionin the abeliancase)
goes into the (abelian) Berry connectionwhen the exact cyclic evolution be-
comesadiabatic.Vice versa,the (non-abelian)Berry connectionof adiabatic
evolutioncanbe relatedto an exactcyclic evolution.An examplein which the
relationbetweenthe Aharonov—Anandanandthe Berry connectionis discussed
in all detailswill be presentedin a followingpaper[34].
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